Imaging methods based on the absorption or scattering of atmospheric muons, collectively named under the neologism "muography", exploit the abundant natural flux of muons produced from cosmic-ray interactions in the atmosphere. Recent years have seen a steep rise in the development of muography methods in a variety of innovative multidisciplinary approaches to study the interior of natural or man-made structures, establishing synergies between usually disconnected academic disciplines such as particle physics, geology, and archaeology. Muography also bears promise of immediate societal impact through geotechnical investigations, nuclear waste surveys, homeland security, and natural hazard monitoring. Our aim is to provide an introduction to this vibrant research area, starting from the physical principles at the basis of the methods and reviewing several recent developments in the application of muography methods to specific use cases, without any pretence of exhaustiveness. We then describe the main detector technologies and imaging methods, including their combination with conventional techniques from other disciplines, where appropriate. Finally, we discuss critically some outstanding issues that affect a broad variety of applications, and the current state of the art in addressing them. 
Introduction
The muon (µ) is an elementary particle with quantum numbers in common with the electron but roughly 200 times its mass, abundantly and freely produced in the interaction of primary cosmic rays with the upper atmosphere.
While opinions diverge on what should be considered the date of discovery of the muon [1] , no doubt remained after a crucial experiment about the existence of a new charged particle with mass intermediate between the electron and the proton, published in 1937 [2] . That was the culmination of years of systematic investigations [3] to understand features of sea-level cosmic radiation that could not fit in the simple theoretical framework of that time, which assumed all elementary charged particles to be protons, electrons, or the recently discovered positron. Because of a coincidental agreement in mass, the muon was initially identified with the particle postulated by Yukawa to explain the finite range of the nuclear binding force. However, experiments by Conversi, Pancini and Piccioni between 1943 and 1947 demonstrated that the muon has negligible or no nuclear interactions with matter [4] , in stark contrast with its interpretation as a strong nuclear force mediator. Finally, in 1947, Lattes, Muirhead, Occhialini and Powell demonstrated that cosmic muons are produced from the decay of hadrons [5] , the most abundant of which (the charged pion, π ± ), with mass just slightly larger than the muon, fits the role of the mediator predicted by Yukawa. This led to Rabi's famous quip "Who ordered that?", referred to the muon. Today we know twelve fundamental matter particles [6] , neatly classified in three generations that only differ by mass, with the muon belonging to the intermediate one; but Rabi's question is still waiting for an answer (its generalized modern version is known as "the flavour puzzle" [7] .)
Several of the features that one century ago helped to clarify this particle's nature are precisely why atmospheric muons are such a good tool for imaging large scale structures (for which, through this document, we employ the neologism "muography"): absence of strong nuclear interactions, negligible probability of producing electro-magnetic cascades (up to very large momenta, ≈ 500 GeV 1 ), and relatively small energy losses by ionization.
To the best of our knowledge, the very first practical application of muography dates back to the 1950's, when George studied the feasibility of employing a Geiger counter telescope to infer the ice thickness above a tunnel in an Australian mine [8] . No directional information was available at the detector level, but it could be moved along the tunnel, and the observable of interest was the dependence of the muon flux on the position. The first application in archaeology came in the 1960's, by a team led by Alvarez [9] . Their muon telescope was composed of planes of spark chambers and was able to reconstruct particle trajectories, a feature that is taken for granted nowadays but that, as we saw, was missing in George's setup one decade earlier.
More applications followed. A simulation study in 1979 argued the feasibility of muography for mining exploration [10] , and compared the traditional telescope geometry (appropriate for easily accessible tunnels) with a set-up that could fit in narrow boreholes. Several other geophysical applications have been explored, including the imaging of mountains (with the first example in 1995 by Nagamine's team [11] ), which since the beginning had been motivated by future applications to volcanoes. Probably also because of the immediate societal relevance of volcano monitoring in Japan, Japanese teams have been at the forefront of muography since the 1990's. A major breakthrough was the first application of muography to predict the eruption sequence of Mount Asama, Japan, during its 2009 unrest [12] . Nowadays, volcanology is probably muography's most developed area of investigation. The list of volcanoes already actively studied includes Asama, Iwodake and Sakurajima in Japan, Vesuvius, Etna and Stromboli in Italy, as well as Puy de Dôme and La Soufrière de Guadeloupe in France. While all the applications described thus far are based on the attenuation of the muon flux in traversing the target, an important breakthrough was the first exploitation in 2003, by Borozdin et al. [13] , of the large-angle scattering of the muons due to the intense Coulomb field of nuclei, which allows to discriminate materials based on their atomic number and opens applications in the nuclear sector and in homeland security. Muography is nowadays a booming research area, with a steadily growing trend of publications since the beginning of this century and more than 25 articles per year in the last few years 2 . Several excellent reviews are already available on this subject. Procureur [15] pays some attention to detector considerations, while Kaiser [14] includes an interesting discussion on commercial aspects. Carloganu and Saracino [16] and Tanaka [17] elaborate on volcano studies and in particular, respectively, on the lessons learned in Europe and Japan. Checchia [18] specifically focuses on scattering-based muography. The present article aims at providing a fresh perspective on recent trends, elaborating in particular on the challenges to be overcome in order to make the transition, in all its diverse areas of application, from "proof of principle" to an established imaging tool.
This article is structured as follows: Section 2 aims at a pedagogical summary of a few physical properties of atmospheric muons that are at the basis of muography. Section 3 provides a snapshot of the current trends in muography via a non-exhaustive list of recent applications. Section 4 outlines the main detector design choices and elaborates on their rationale. Section 5 presents methodological considerations related to image reconstruction. Section 6 addresses some of the general issues affecting muography research, such as background reduction and estimation, momentum bias, and accuracy/speed trade-off in simulations. Finally, we conclude in Section 7 by summing up the lessons learned, and providing our personal outlook of this vibrant area of research and development.
The Physics of Muography
The muons that we exploit for imaging are called "atmospheric" because they originate within the atmosphere of our planet (typically 15 km above the sea level [6] ), or "cosmic" because of their origin. The primary cosmic rays entering the atmosphere (mostly protons, with small fractions of heavier nuclei, electrons, positrons and antiprotons) collide with the atmospheric nuclei (mostly Nitrogen and Oxygen), producing hadrons that in turn can further interact with the atmosphere, unless they decay. Pions (π + , π 0 , π − ) and kaons (K
are abundantly produced in these collisions, and when they are charged their dominant decay modes produce muons [6] : π ± → µ ± ν µ (ν µ ) (≈ 99.99% of the times) and K ± → µ ± ν µ (ν µ ) (≈ 64% of the times, with a further 3% where a π 0 is also produced); when not decaying directly into muons, charged kaons mostly decay into two or three pions (π ± π 0 , π ± π ± π ∓ or π ± π 0 π 0 ), which in turn decay into muons if they are charged. Also the long-lived neutral kaons produce muons ≈ 27% of the times via the decay channel K 0 L → π ± µ ∓ν µ (ν µ ). Muons are unstable, decaying into electrons and neutrinos (µ + → e +ν µ ν e and µ − → e − ν µνe ) with a lifetime τ ≈ 2 µs at rest, but a well-known relativistic effect dilates their observed lifetime by the Lorentz factor γ ≡ 1/ 1 − (v/c) 2 = 1 + (p/m µ c) 2 . Due to the relative hardness of the atmospheric muon spectrum, most of them reach sea level: for example, a momentum of 4 GeV (about the peak value of the muon momentum distribution) corresponds to γ ≈ 20, which naively yields 3 a decay length l = γβcτ ≈ 24 km. Most of the Earth's atmosphere is contained within 16 km, and as said above most atmospheric muons are produced at a height of around 15 km. At sea level, muons constitute the vast majority of the charged particles, arriving at a rate of roughly 100 Hz/m 2 . Most of the other charged particles produced in the cosmic shower, that are able to reach the sea level are protons, electrons and positrons; although they do not decay, these background particles disappear or lose energy much more quickly than muons because of their stronger interactions with matter: nuclear interactions affect protons but are absent for muons; energy loss by bremsstrahlung depends on 1/m 2 and is therefore 40,000 times smaller for muons than for electrons and positrons; moreover, positrons easily annihilate with the electrons of the atmospheric atoms. For these reasons, the combined background flux is much smaller than the muon flux. Above 1 GeV, the muon flux at sea level is at least two orders of magnitude larger than any other charged particle [6] , while the contamination of e ± grows significantly when the momentum cut-off of the apparatus is lower [19, 20, 21, 22] .
The angular distribution of the atmospheric muon intensity is found to be approximately proportional to cos n θ, where θ is the zenith angle and n ≈ 2 [23] , with mild dependence of n on energy, latitude, altitude and depth [24] . This has the practical implication that much longer exposure times are needed when it is necessary to use muons at large zenith angles (which is typically the case when studying mountains and volcanoes from a distance) with respect to cases where the large flux of vertical muons can be exploited 4 . Ionization and atomic excitation are the dominant energy loss mechanisms for muons in matter up to momenta around 500 GeV. The momentum spectrum of atmospheric muons peaks at around 4 GeV; at those momenta, their mean energy loss rate (− dE dx ) is close to the minimum of the Bethe function, that in the regime of relevance (and neglecting some small corrections) we can write as:
where Z and A are the atomic and mass number, respectively, of the element characterising the traversed material 5 and ρ is its density, while β = v/c is the relativistic speed of the muon, and K = 2m e c 2 /I 2 where I is the mean excitation potential, of order electronvolts, and m e is the electron mass (m e c 2 = 511 keV). In the approximate formula of Eq. 1, the dependence on the traversed material comes through ρ, Z, A and K. It is important to remark that for intermediate-mass elements, and in particular for those that compose most of the mass of the Earth's crust, the Z/A ratio deviates little from a 1/2. The constant K depends on I which in turn has an approximately linear dependence on Z [6] ; the fact that it only appears logarithmically in the formula mitigates the practical importance of its variation. In conclusion, with the only exception of hydrogen, the relationship between the energy loss rate and ρ can be considered quasi independent of other properties of the traversed material.
Thus, the range of a muon is obtained by inverting and integrating Eq. 1 from the energy at the entry point (where β ≈ 1) up to where the muon is at rest (β = 0). In practice, what is directly measured by a muon detector is the muon flux coming from the various directions within its acceptance; compared to the "free-sky" flux, this yields the probability for a muon to be absorbed by a given target along a certain line of sight (also known as "muon transmission"), which is the basis for absorption-based muography (AM), also quoted as transmission muography. This can be directly interpreted in terms of "opacity" along that line of sight, defined as the density integrated along a path length: O = ρ(x)dx. A convenient unit for opacity is "meters water equivalent" (mwe), with a conversion factor 1 mwe = 100 g/cm 2 ; the energy loss of an energetic muon is about 0.2 GeV/mwe.
In cases where the thickness along the lines of sight of the detector is known, e.g. when imaging a target whose surface is precisely known, the opacity along a direction can be turned into a measurement of the average density along that direction. Conversely, some applications actually have the opposite goal, that of measuring the boundaries of a volume (e.g. the overburden of a tunnel), in this case a fair guess of the average density must be used as input. Due to the presence of β in Eq. 1, the AM method also needs as input the momentum spectrum of the atmospheric muons.
As shown by Rutherford in 1911 [26] using very thin targets, charged particles traversing matter are deflected by Coulomb scattering due to the intense electric fields near nuclei. The probability distribution of the angular deflection ∆θ for a single scattering follows Rutherford's Law, P (∆θ) ∝ 1/ sin 4 (∆θ/2). Most deflections are small, so after traversing a macroscopic amount of material the actual distribution features an approximately Gaussian core, as expected from the central limit theorem, asymptotically reaching Rutherford's Law in the tails of P (∆θ) due to the rare large-scattering events. The Gaussian approximation gives a good description for 98% of the actual distribution [6] , with a standard deviation that in a broad range of Z and for not-very-thin targets is well approximated by [27] :
where p is the muon momentum, x is the path length from entry to exit, and X 0 is the radiation length. Very accurate estimations of 1/X 0 exist [28] , but for sake of illustration we present here a particularly compact formula (accurate to better than 2.5% for all elements except helium [29] ):
It is apparent from Eqs. 2 and 3 that the root mean square (RMS) of the deflection angle is directly related to Z; this is the basis for scattering-based muography (SM), which has been exploited since 2003 [13] for applications where contrast is sought between a high-Z material and a lower-Z background (e.g., fissile nuclear material hidden within scrap metal, or heavy metal within concrete). In a 10 cm thick layer, the RMS scattering angle for a 3 GeV muon is 2.3 milliradians in water, 11 milliradians in iron, and 20 milliradians in lead [13] . The average muon deflection ∆θ due to Coulomb scattering is always zero, independently of the type and amount of material traversed, which only affects the width of its distribution. Reference [30] proposes to exploit this feature for the long-term monitoring of the stability of a building. The method requires two muon telescopes, positioned respectively on a structural element of the building (the fixed reference system) and on the point of the building to be monitored. Any deviation in the apparent ∆θ appearing with time would indicate a deformation of the structure.
Both types of muography, AM and SM, rely on the statistical distributions of large samples of muons (e.g., one cannot deduce the presence of a high-Z material from the trajectory of a single muon). Reference [15] illustrates the relative merits of the absorption and scattering methods by listing the survival probability and RMS scattering angle σ(∆θ) for multi-GeV muons when traversing a few hypothetical targets. One of the examples concerns the muographic image obtained for the same 10 × 10 × 5 cm 3 lead brick using the two methods with different exposure times, and it shows that for this type of high-Z target, SM needs an order of magnitude less time than AM to achieve a recognizable image, and that it yields an image with better definition. As a general rule, AM is a powerful method for very large targets, while SM is more appropriate for small and medium sized targets.
Applications
In this section, we review recent developments in the application of muography methods in geosciences, archaeology, civil engineering, nuclear safety, and security, without pretense of exhaustiveness but with the intention of giving a comprehensive overview of the field, setting the stage for the main methodologies presented in Sections 4 and 5.
Geosciences
The typical geophysical applications of muography feature very large targets, for which AM is the most appropriate technique. Muography complements traditional survey methods by offering directional sensitivity to the in-depth structure of large objects. Unfortunately, some of the most pressing questions in geology require that narrow structures in the deepest part of a O(km) target be resolved, even at low elevation angles where the muon flux is less intense. In these conditions, not only the signal is faint, but it can also be overwhelmed by backgrounds that can limit the measurements to an insurmountable "systematics wall" (i.e., uncertainties that do not decrease with more data).
Within this context, one of the most widespread applications of AM is the imaging of volcanoes and several partnerships with volcanologists have been established by the physicists involved. Different volcanoes have attracted the attention of the muography community for their intrinsic volcanological interest and/or for their natural hazard potential. As this technique is still very young, the choice of the target is often driven at least in part by reasons of opportunity, e.g. geographical proximity to both a strong particle physics laboratory and a strong volcanology institute. This is often the case in countries where both communities are well developed, explaining the number of activities in Japan [31] , Italy [32] , and France [16, 33] . Static pictures using muon data integrated over several months can be used to investigate the inner composition of a volcano providing information on the location of volumes of rocks with different densities, that is essential to the understanding of the volcano's history. A recent example is the first muographic imaging of Mt. Stromboli [34] , a strato-volcano of the Aeolian archipelago (Italy) with a height of about 920 m above sea level, characterized by the emission of huge amounts of gas and a continuous ongoing eruptive activity named "Strombolian" in its honour. The measurement was carried out with emulsion detectors, particularly appropriate to the logistic challenges 6 for the reasons explained in Sec. 4.2, taking data for five months. This study found a significant low-density zone (30 − 40% contrast with respect to bedrock, see Fig. 1 ) at the summit of the volcano. This result is relevant for geophysics and hazard estimation, as the structural setting of this part of the volcanic edifice controls the eruptive dynamics and the stability of the "Sciara del Fuoco" slope, which is affected by recurrent tsunamigenic landslides.
Hazard concerns are also a major motivation for the study of Mt. Vesuvius, a strato-volcano near Naples (Italy), world-famous for its catastrophic eruption in 79 AD that obliterated the ancient Roman cities of Herculaneum and Pompeii and was vividly described by Pliny the Younger (hence the name "Plinian" to indicate one of the major eruptive classes). Nowadays more than half million people reside in the "red zone" surrounding Vesuvius, defined as being at high risk of pyroclastic fallout in case of a new Sub-Plinian eruption [35] . Mt. Vesuvius' first 2D muographic images were produced by the MU-RAY project [36] using three x − y layers of scintillator bars. To reduce backgrounds, the MURAVES project [32, 37] , MU-RAY's successor, added a fourth layer and a 60 cm lead absorber between the third and fourth layer, complemented by time-of-flight (TOF) measurement (see Sec. 6.1). MURAVES aims to reach sufficient precision to resolve internal discontinuities of about 10 m in the upper part of Mt. Vesuvius.
The Puy de Dôme, a dormant volcano near Clermont-Ferrand (France), is a lava dome 1465 m high that is part of a long volcanic chain. It constitutes an excellent "standard candle" to test muography detectors and methods thanks to the abundance of reference data from standard geophysical methods, and also for the relatively accessible logistic support. This opportunity has been exploited for the development of the TOMUVOL telescope [38, 39, 40] , composed of planes of glass RPC detectors (see Section 4.3) originally developed in the context of the particle physics CALICE collaboration (R&D for a detector to be operated at future highenergy linear colliders). A joint measurement campaign of the Puy de Dôme in 2013 [41] by the TOMUVOL and MU-RAY collaborations with their detector prototypes, based on two different detector technologies with complementary merits, was crucial to quantify the challenges and prioritize their further developments. They found that, with their detector setups at that time, the backgrounds overwhelmed the signal for opacities larger than 500 mwe from 1 km away; the further characterization of these backgrounds has led to the design of improved detectors with higher momentum threshold and TOF measurement [32] , with the goal of a robust muographic imaging of kilometer-scale volcanoes.
Volcanoes are very dynamic systems, therefore nuclear emulsions, in spite of their superior resolution and logistic advantages, are less popular than detector technologies that allow to time-stamp the observed muons. An obvious use case is hazard prevention: a temporal evolution in the muon flux through the core of a volcano may be potentially listed as an eruption precursor. The data from a muography campaign on Mt. Asama during its 2009 unrest [12] , showing a temporal variation of the observed muon flux through the crater region that correlated with magma ascensions and descents, were reported to the Japan Meteorological Agency, which used them as one of the inputs for eruption forecast purposes [42] . Moreover volcanoes can have rich hydrothermal systems, affecting the density distributions close to their surfaces. This is another topic of relevance for hazard prevention, as hydrothermal fields of moderately active volcanoes have an unpredictable behavior; hazardous events that can develop rapidly, with no known precursory signal that is clearly identified as a potential warning of imminent danger. Muographic time series have been used in the study of the hydrothermal system of La Soufrière de Guadeloupe [43] , an active volcano in the Lesser Antilles (France) that has been extensively studied by the DIAPHANE collaboration [44] taking data with several identical muon telescopes based on scintillators from different observation points. In a recent study [45] , combining muography with seismic noise monitoring, they were able to detect with an unprecedented space and time resolution the increase of activity of a hydrothermal spot located 50 to 100 m below the summit, at timescales of few hours to few days.
Mount Etna, near Catania (Italy), is one of the tallest and most active volcanoes in the world, with a height of more than 3 km and a basal diameter of 40 km. Its eruptions occur through one of its four summit craters or from vents or fissures on its flanks. In spite of being one of the most studied volcanoes in the world, the geometry of the shallow conduit network feeding its four summit craters is still largely unknown [46] . Etna's size makes it a very challenging target for muography, but a few teams have investigated the feasibility of the method with various approaches and targeting different craters. The first imaging was performed in 2010 [46] , targeting the South-East Crater, 240 m high with a base diameter of 500 m, using an early version of the DIAPHANE telescope. Recently, the MEV (Muography of Etna Volcano) project reported preliminary results [47] with their dedicated high-resolution telescope, also based on scintillators. In this first study, the extinct Monti Rossi crater was imaged to be used as a reference in view of future studies of the active NorthEast Crater. The authors remark that the background-reduction approach based on large quantities of lead is unfeasible for telescopes near the summit zone of Mt. Etna, where harsh conditions limit the access to heavy equipment. Another muography team [48, 49] has been active on Mt. Etna, with a very different detector technology based on Cherenkov light detection (see Section 4.4). The main advantage of a Cherenkov detector is the negligible background contamination (Section 6.1), that compensates the drawback of less statistics due to the larger intrinsic momentum threshold (p > 5 GeV, to be compared with the maximum at around 4 GeV of the atmospheric muon spectrum). This method is being developed with the existing ASTRI-Horn telescope, a prototype built in the context of the CTA (Cherenkov Telescope Array) project for astrophysics [50] . ASTRIHorn is located at Serra La Nave, 5 km from the South-East Crater, but the authors advocate the construction of dedicated movable telescopes [49] , in order to reach different observation points.
Besides volcanology, the interest of muography has already been explored in several other Geoscience applications. These include the monitoring of groundwater and saturation levels for bedrocks in landslide areas [51] , fault lines [52, 53] , hydrogeological rock density perturbations [54] , river banks damaged by animal activity [55] , ice-filled cleft systems in steep bedrock permafrost [56] , and carbon capture storage sites [57, 58] , as well as the exploration of natural caves [59, 60] and searches for minerals [10, 61, 62] . Being impossible to make justice of so many applications, we decided to elaborate only on a very recent development related to glaciology, probably less known because of its novelty 7 : the study of the bedrock profiles underneath alpine glaciers [63, 64] , using nuclear emulsion detectors installed in three observation points underneath the targets in a railway tunnel, with the methodology described in Ref. [65] . The AM measurement yields, for each detector, the average density ρ along a line of sight; therefore, the position of the ice-rock transition surface is derived from the formula ρ = ρ rock · x + ρ ice · (1 − x) (following Ref. [66] ), where x is defined as the fraction of rock between the observation point and the surface of the glacier along the line of sight. In order to minimize the model assumptions, the average bedrock density ρ rock is extracted in situ from angular regions not covered in ice, and its measurement is validated by comparing it with a set of rock samples collected from near the detectors along the railway tunnels and from the surface. Reference [63] provided the first application of the method by studying the Aletsch glacier, in the Central Swiss Alps, measuring the shape of the ice-bedrock interface up to a depth of 50 m below the ice surface. They found a parallel orientation of the bedrock with respect to the glacier's flow direction, which implies that the ice has passively slid on the bedrock without sculpting it. The same team then studied the Eiger glacier [64] , 10 km away from the previous target, from different observation points within the same railway tunnel, finding a breach (600 × 300 m) within the accumulation area where strong lateral glacial erosion has cut nearly vertically into the underlying bedrock. This suggests that the Eiger glacier has profoundly sculpted its bedrock in its accumulation area. Remarkably, the muography measurements for these targets are more precise and less model-dependent than any of the data available from traditional methods.
Archaeology and Civil Engineering
Applications of muography in archaeology and in civil engineering share many commonalities. In both cases the targets are man-made, and very often (but not always) the research questions that muography is called to address are related to absence or presence of voids. The typical size of the targets is such that AM is usually the method of choice [67, 44] ; Fig. 2 , from a recent study [68] with a portable muon telescope, illustrates how the muon flux attenuation can be mapped to the internal geometry of a complex building. However, some civil engineering applications in this area demand the ability to discriminate materials by Z, thus requiring the SM method; examples include the survey of the content of a blast furnace [69, 70] , the study of reinforcement elements in the dome of Florence Cathedral Santa Maria del Fiore [71] , and the measurement of the amount of wear suffered by a steel-made pipe [72] . The very first muography application in archaeology has been Alvarez et al.'s imaging of Chephren's pyramid in Egypt [9] . Their study was inspired by the observation that the Second Pyramid of Chephren appears to have a much simpler internal structure than the Great Pyramid built by Cheops (or Khufu), Chepren's father; in general, the complexity of the internal architecture of the pyramids had an increasing trend during the Fourth Dynasty until the sudden appearance of simpler designs starting with Chephren. The question that Alvarez et al. sought to answer was: are there unknown upper chambers of significant size in Chephren's pyramid above the Belzoni Chamber? Their data, compared to a Monte Carlo simulation of the expected muon flux, conclusively excluded that hypothesis.
Decades later, the next pyramid to be surveyed with muography was the Pyramid of the Sun at Teotihuacan, Mexico, built by the Aztecs about 1800 years ago [73, 74] . This pyramid is the third largest in the world, with a height of 75 m and a square base of 225 × 225 m 2 . One of the motivations for this study was the search for inaccessible chambers that might hold the tomb of a Teotihuacan ruler. The detector was located in a deep underground chamber underneath the pyramid, accessible only through a tunnel so narrow that the muon telescope, 1.5 m 3 in volume and composed of six layers of multi-wire chambers (Section 4.3), had to be dismantled and then reassembled inside. Data taking started in the early 2000s, and the preliminary results were released after more than a decade [73] , reporting a very wide low-density volume in the Southern side, which has been interpreted by some researchers as an indication that the structure of the pyramid might have been weakened on that side and could be in danger of collapse [74] . First steps towards muographic surveys have been made around 2010 also for the Mayan site of La Milpa in Belize [75, 76] , where the target is a tree-covered mound about 20 m high that is believed to hide a pyramid within; this is in fact, a typical case where standard remote-sensing technologies such as ground-penetrating radar cannot be used [74] , as they require flat terrains free from rocks and roots to operate.
Muography came back to Egypt in 2015, in the framework of the ScanPyramids project [77] which combines several non-invasive techniques to survey Old Kingdom pyramids in search for unknown internal voids and structures. Three muography teams, each using one of the three main detector technologies that will be discussed in Sec. 4, have participated with simultaneous data taking. The highlight of the project has been the recent discovery [78] , through muography alone, of an unexpected large void inside the aforementioned Great Pyramid of Giza, the oldest and largest in the Giza complex (139 m high and 230 m wide). Its three known chambers (known as the subterranean chamber, the Queen's chamber, and the King's chamber) are connected by several corridors, the largest being the Grand Gallery. The new void discovered by muography has a length of at least 30 m and a cross section similar to the Grand Gallery. The data were accumulated for several months with nuclear emulsions and scintillator-based telescopes installed in the Queen's chamber and two gaseousdetector (Micromegas, see Sec. 4.3) telescopes located outside of the pyramid. This complementarity was useful for the 3D localisation of the void once the data from the three experiments were compared 8 ; the emulsion detectors were positioned in two different locations, 10 m apart, allowing a stereoscopic image reconstruction with this method alone. All three teams reported an excess in muon flux originating from the same position in space, with statistical significance in excess of 5 standard deviations away from the null hypothesis (no void), as shown in Fig. 3 for one of the telescopes located externally. The expected excess of muons in the angular area corresponding to the Grand Gallery was used to validate the finding. An unknown cavity of potential archaeological interest has also been discovered within Mt. Echia, in Naples (Italy) [79, 80] . Mt. Echia is the site of the earliest settlement of the city of Naples in the 8th century BC.
It is a headland with a maximum altitude of about 60 m above sea level and mainly consists of yellow tuff, a soft volcanic rock. In the course of history a very complex system of underground tunnels and cavities has been excavated and used for a variety of purposes, including the so-called Bourbon Tunnel that was excavated around the middle of the 19th century. First indications for the unknown cavity were reported in Ref. [79] , based on the data from a 26 days pilot run with the MU-RAY telescope [81] . The telescope, installed in the Bourbon Tunnel with a rock overburden of about 40 metres, had been oriented vertically and with a shorter distance between its planes with respect to its usage in volcanology. This result was confirmed, and the cavity more precisely characterized in 3D, by a second data-taking campaign whose results are reported in Ref. [80] . In the second campaign, the MU-RAY detector took data from a different observation point, and the MIMA portable telescope [82] from a third location. MIMA can be tilted with respect to the vertical direction, and was oriented such to point towards the presumed location of the hidden cavity.
Nuclear safety and security
Applications in this area typically involve SM, as they usually require to distinguish heavy elements from a background of lighter ones, and this was one of the prime motivations for the seminal paper [13] that launched this method. In fact, the ability to distinguish between nuclear fuel (including spent fuel) and other metals is crucial for various applications of this kind that are of extreme societal relevance.
Some applications require a very fast object detection (ideally less than a minute timescale), in order to have a minimal impact on queuing schedules. Examples include cargo inspections for homeland security, in particular the prevention of smuggling of nuclear material [13, 83, 62] , as well as the search for radioactive material in scrap metal for the metal recycling industry, which is confronted with hundreds of contamination incidents per year, resulting in environmental issues as well as economic loss (a very expensive clean-up of the foundry itself is needed after each incident) [70, 84] . Standard methods in these areas make use of so called "radiation portals"; but these can fail if the radiation source is well shielded (in the first example, intentionally by the smuggler; in the latter example, by the scrap metal itself, or by a heavy-metal casing); therefore, "muon portals" are being proposed as a second line of defense, for further analysis of targets that are close to the alarm threshold [84] : they have slower response than the radiation ones, due to the modest cosmic muon rate, but profit from the unique penetration power of the muon. A few prototypes of such portals have been already built, typically using drift tubes (Section 4.3) for muon tracking, although a recent proposal [85] makes use of silicon microstrip detectors originally produced for the CMS experiment at the LHC. A muon portal is already in use since 2012 at the container port in Freeport (Bahamas) and is reported to have analyzed several thousand vehicles since its installation, most of them shipping container trucks [86] .
Muography is also being explored for safeguards applications related to the nuclear power industry. This includes the inspection of dry storage casks for spent nuclear fuel [87, 70] to verify if the cask has been tampered with, for example by determining if a bundle has been removed and either left empty or replaced with another dense material. This is another case where muography has an edge over measurements of γ rays or neutrons from the fuel itself, as the cask walls are obviously designed to provide a very effective barrier against those kinds of radiation [88] . Another application with many similarities in the area of nuclear safety is the imaging of the contents of nuclear waste containers and the quality assurance for nuclear waste treatment processes, as studied for example in Refs. [89, 90, 91] . In this kind of applications, the rapidity of response is not as crucial as in cargo inspections, so longer exposure times are acceptable. The size of the target is larger, meaning that larger detectors are needed, and that AM can be considered alongside with SM, as investigated in Refs. [89, 70, 88] .
Finally, nuclear reactors themselves can be imaged with cosmic muons. Several studies [92, 93, 94, 95] have been motivated by the nuclear crisis at Fukushima Daiichi (Japan) caused by a 9.0-magnitude earthquake followed by a tsunami in 2011. To this day, a radioactively contaminated area of 20 km radius around the nuclear plant may only be entered under government supervision. A question of huge relevance for the cleanup and decommissioning of the nuclear reactors is the location of the melted fuel, but direct access to the reactor buildings is hindered by radiation levels of order mSv/h, which motivates muography as a safe way to image the reactor cores from outside the buildings. At the same time, this also poses very specific challenges to the detectors, as the large flux of γ rays from 134 Cs and 137 Cs induces a large number of individual hits that produce a significant combinatorial background, motivating studies of the optimal shielding thickness [92] and the development of novel time-coincidence logic circuits to minimize accidental coincidences of γ-induced hits [94] . Uranium is at the same time one of the densest metals (ρ = 19.1 g/cm 3 ) and the natural element with largest atomic number (Z = 92); but fuel pellets contain uranium oxide mixed with other materials and sealed into zirconium alloy tubes, thus the average density of a fuel rod is only about 2.6 g/cm 3 , which attenuates the muon flux only 2% more than water. This poses a tough challenge when trying to distinguish the reactor core from the surrounding water through the building walls with AM. On the other hand, SM can achieve an image contrast of about 30% with respect to water [92] , but it is not trivial to deploy large detector set-ups, that have a useful geometrical acceptance, in such a highly contaminated site. Results of muographic campaigns performed between 2015 and 2017 have been reported for some of the damaged reactors [96, 97, 98] , using AM, showing that the fuel had melted and dropped from its original position within the core.
Detectors for muography
Given the variety of applications, detectors for muography usually have to satisfy many requirements that are not always essential or even of interest in mainstream particle physics. Typically, a muography particle detector should be rugged and capable of being operated remotely with minimal intervention. Power consumption can be a very important issue depending on the deployment site. As a bonus, the low event rate implies that the data rate and speed of the data acquisition (DAQ) and front-end (FE) electronics do not constitute a critical issue. In general, different muographic applications require different detector geometries and different detection technologies. Thus, a large variety of muon detectors have been proposed and built during the last few decades, with only few common features between them. One of these is the inability of measuring the muon momentum on a per-particle basis, although this would be very desirable and possibly a major breakthrough for muography.
If the detector system is intended for SM, the muon trajectory must be reconstructed with high accuracy (usually 1 mrad or better resolution) before and after the passage through the target being investigated. A typical detector geometry is sketched in Fig. 4 (top left), with one of the two tracking systems above (upstream) and the other underneath (downstream) the target. This arrangement exploits the more abundant muon flux from the zenith, thus shortening the data acquisition time. This is the case for example of muon portals designed for homeland security, see Sec. 3.3, where data must be acquired in the shortest time possible. However, the optimal geometry for specific use cases can vary, as shown for example in Ref. [87] where the upstream and downstream tracking systems are positioned on the sides of a large cylindrical cask of spent nuclear fuel (Fig. 4,  top right) . Due to the limited geometrical factor of such an ensemble, the detectors tend to be relatively large (2 − 10 m 2 ) in order to maximise muon acceptance. Where AM is the chosen technique, e.g. for imaging of large man-made structures (≈ 10 − 100 m), or very large targets such as volcanoes, a relatively small (1 − 2 m 2 ) detector can be placed laterally to the target, as sketched in Fig. 4 (bottom left) . The typical detector configuration is in the form of a "muon telescope" composed of position-sensitive layers, installed at a certain distance from the target. Since the multiple scattering angle is not measured, the angular resolution can be limited to 10 mrad or more. For a given X-Y spatial resolution of a single detection plane, the angular resolution of a telescope mostly depends on the distance between the first and last plane. A greater distance improves the angular resolution but decrease the acceptance of the telescope. [82] ) that, with the same number of readout channels, increases the resolution by a factor two at the cost of a thicker (and more expensive) detection layer and of a more complex coordinate reconstruction. (Bottom) Triangular-section bars (as in MURAVES [37] ) allow the use of a CoG algorithm to improve spatial resolution (that depends on scintillator light yield and FE electronics noise) with the same number of readout channels.
When a muography is required of an underground target, this telescope geometry can only be exploited in the presence of tunnels of sufficient size below the target. When a suitable tunnel is not in place, given the high cost of drilling or excavating underground, absorption muography detectors have been proposed and built, that can be inserted in boreholes (Fig. 4, bottom right) . The first proposal of a borehole detector for muography appeared in Ref. [10] , where simulations in a mine installation showed promising results that compared favorably to the telescope option.
The next sub-sections will focus on different muography detectors, classified by detection mechanism.
Scintillation detectors
Plastic scintillators constitute an ideal choice in many cases where spatial, and consequently angular, resolution is not crucial (as typical for AM). Robust muon trackers, suitable for applications in harsh environments, based on fast-response plastic scintillator materials can be designed with a reasonable price/performance ratio (≈ 50 Ke/m 2 ). These detectors have become even more attractive since the advent of the Silicon Photo Multiplier (SiPM) [99] , replacing the traditional photo-multipliers (PM) at a much lower cost and power budget.
Plastic scintillators are easily shaped in various geometries, from square to rectangular to triangular bars for instance, that can be used to obtain a position sensitive detection layer with a relatively low number of readout channels. In general, they allow a remarkable customization of the detector's geometry, as illustrated in Fig. 5 . A relatively simple detection layer configuration is achieved using arrays of long plastic scintillator bars of rectangular or square section placed side by side to cover the required surface area, as in Fig. 5 (top) . Each scintillator bar is optically shielded from the others, so that a particle crossing produces a light signal in at most two adjacent bars, allowing a coordinate reconstruction. Figure 5 (middle) illustrates how with a little ingenuity a plane can achieve a better spatial resolution with the same number of readout channels: in this example, introduced as a test configuration by the MIMA collaboration [82] , the partial overlap effectively increases the spatial resolution whilst keeping the same number of readout channels, but using a more complicated coordinate reconstruction algorithm. The variance of the residuals distribution can be estimated as L/ √ 12 for the first design (where L is the pitch), while the overlapping layout, by exploiting the signals on adjacent bars, has a residual distribution variance halved with respect to the previous one. With both layouts, the residual distributions are flat and therefore the uncertainties are not Gaussian. For inclined tracks, the situation is more complicated. Nonetheless, an accurate coordinate reconstruction can still be achieved by using the track inclination information from other detector planes, through suitable algorithms. As a third example, Fig.5 (bottom) shows a configuration of bars with a right-angled triangular section. This solution, first adopted at the Fermi National Accelerator Laboratory (USA), has been used for the MU-RAY [81] , MURAVES [37] and MIMA [82] muography detectors. In this case, incident particles always cross two adjacent bars and the reconstruction of the particle impact coordinate takes advantage of the different amplitudes of signals produced in the two bars, roughly proportional to the track length in each scintillator. A simple Centre of Gravity (CoG) algorithm readily achieves a significant increase in resolution, better than that obtained with the second configuration layout (using the same number of readout channels), and with a Gaussian residual distribution. Unfortunately, the layout also affects significantly the weight and therefore the portability of the detector: for a given surface and number of readout channels, the second and third layouts weigh respectively 1.5 and 2 times more than the first.
Two detection planes are required for a tracking module with X and Y information. Multiple modules, placed parallel to each other, define a full three dimensional particle tracker. If at least N ≥ 2 tracking planes can be used, the resulting configuration not only mitigates possible backgrounds from spurious coincidence (see Sec. 6.1) but also has the capability of monitoring each plane detection efficiency.
Whatever the geometry, the scintillation photons emitted along the particle trajectory can be collected either through a light guide or through a wavelength shifter fibre (WLS) often encapsulated in the scintillator bar itself [81] , or with SiPMs (or PMs) directly coupled to the scintillator bars. The WLS solution allows the use of very small (1 mm 2 ) SiPMs, thus lowering the costs of the FE electronics. On the other hand, large area (9 − 16 mm 2 ) SiPMs are now readily available at a price only a factor 5 − 10 times more than the smaller ones. Using these large area photo-sensors coupled directly to the scintillator (e.g. Ref. [82] with triangular section bars) increases the number of collected photons, with a corresponding increase in the signal to noise ratio and in the achievable spatial resolution. In addition, there is no need to machine the scintillator bars for the WLS inclusion. The design choices for two muography telescopes are illustrated in Fig. 6 .
A drawback of SiPMs is a marked temperature dependence of the breakdown voltage (typically 20 − 30mV/
• C), which consequently affects gain, dark count rate and reverse current. Temperature conditions must be accurately and continuously monitored and the operating voltage changed accordingly. MURAVES [32] has implemented a thermo-electric (Peltier) cooling/heating module with an active controller capable of maintaining a constant temperature on the SiPMs, even in the presence of ±10
• C external variations. The power budget increase is of the order of 10 Watts for a 1 m 2 detection layer equipped with 64 SiPMs and two cooling/heating modules. A greater temperature compensation range (up to ±20
• C) can be obtained, simply increasing the power budget.
Plastic scintillators can also be shaped as thin fibres with square or circular section with typical transverse size of 1 mm 2 [100] , greatly improving the spatial resolution at the cost of a much larger number of readout channels. Scintillating fibre planes are used in SM [91] , coupled to multi-anode photo-multipliers (MAPMT) capable of reading out whole bundle of fibres with the necessary amplification. Such a system has been developed and commercialised for nuclear waste management by Lynkeos Technology for use at the Sellafield storage site [91] .
A particularly interesting development, that it is currently pursued by various groups, is the production of a fully functional independent muographic borehole detector system (e.g. [101, 58] ). New design configurations have been developed to maximize the angular acceptance of the detection systems [102] , a must given the small radius of these detectors. In fact, borehole detectors have to meet stringent requirements in terms of compactness, ruggedness, impermeability, and performance in different environmental conditions. Ancillary equipment must also include some way of determining the detector orientation once inside the borehole. These detectors, although still in the development phase, could open up new application opportunities in mining and geotechnical surveys.
Nuclear emulsion detectors
Nuclear emulsions are a special type of thick photographic plates with very uniform and fine sized (order µm) grain. Charged particles passing through a nuclear emulsion leave tracks with a spatial definition of the order of one micron, that can be seen at the microscope after developing the plates. Emulsions were among the earliest particle detectors and contributed to seminal results, like the discovery of the charged pion [5] . A recent large-scale application was the OPERA neutrino experiment, from where some recent spin-offs to muography [78, 65, 34] originated.
Nuclear emulsions maintain some peculiarities that make them the perfect solution for some types of applications. Their spatial resolution is of the order of microns, and multiple films of emulsions can be assembled to form thin tracking layers. These can achieve angular resolutions of the order of few mrad, have a limited cost and do not need any power supply [103] . There are, however, important issues concerning their usage. First, the emulsion film starts recording particle tracks from inception. Thus an emulsion sandwich must be assembled right at the start of the observation campaign to "cancel" the information on the previously acquired tracks. In addition, they suffer from cold temperatures (i.e. below 10
• C) and humidity. Another and very significant drawback is the equipment needed to analyse the plates. The OPERA experiment during its lifetime had invested considerable resources in the development of automated motorized optical systems that scan the plates and use pattern recognition to reconstruct track candidates in a reasonable amount of time (typically hours per cm 2 ). Only a few laboratories in the world are equipped with these microscopes thus limiting access to the technology.
Nonetheless, emulsion films have been used successfully in a variety of muography experiments (see Sec. 3) and have demonstrated an excellent performance in environments ranging from alpine tunnels [63, 64] to hot sand deserts [78] and Mediterranean volcanoes [34] , during measurement periods spanning several months.
Gaseous detectors
A gaseous detector is often the ideal choice for applications where angular resolution is one of the main design parameters (which is always the case in SM). The muon crosses the gas volume leaving an ionised trail in its wake. The electrons (and ions) are collected by applying an electric field. Typical configurations use a cylindrical geometry, where the anode is a thin wire (of the order of 100 microns) that collects the electrons generated in the ionisation process. If the field is high enough (50−100 kV/cm or more at atmospheric pressure), a Townsend avalanche multiplication will occur in proximity of the wire. Gains of 10 4 or more are easily achievable while maintaining full proportionality between collected charge and initial ionisation. Since the signal can be quite large, the requirements on the FE electronics in terms of gain and noise are quite relaxed, greatly simplifying the design and reducing the cost. In general a gaseous detector takes advantage of the low CR flux using fewer, relatively simple, electronic channels (thanks to the gas amplification) and this in turn translates into high resolution, large surface detectors, at a cost which can be lower than the scintillator detectors described before.
A position sensitive detection layer using gaseous detectors can be relatively inexpensive to build (e.g. an assembly of aluminium tubes placed side by side). In the simple case of Fig.7 (top) , the spatial resolution is given by the tube diameter divided by √ 12. The spatial resolution can be easily improved following a multi-wire chamber [104] approach with segmented cathode strips for readout, see Fig.7 (middle). Simple CoG algorithms, using the charge induced on the strips, can easily achieve resolutions of a few 100 microns, at the price of a small increase in number of FE channels and detector complexity. Another approach, favoured by the low CR rate, is the use of drift techniques. A drift chamber, see Fig.7 (bottom) , effectively measures the distance between the muon track and the anode wire, by measuring the time the electrons travel through the gas. The FE is more complex and Time to Digital Converters (TDC) are also required, but the number of channels can be drastically reduced, while obtaining resolutions of up to a 100 microns. This technique can be applied either with closed walled single tubes, or in a multi-wire chamber approach. Given the very high spatial resolution and consequent angular resolution, this type of detector has been used by various groups involved in homeland security projects [25, 84] ) or nuclear casks imaging [88] using SM. Small-sized gaseous detectors can be also used in boreholes, as demonstrated by the studies reported in Refs. [105, 62] .
Other types of gaseous detectors have also been used by groups involved in AM applications. Examples include Micromegas [106] in the ScanPyramids project [78] and in geological prospections [107] , and resistive glass gaseous pad detectors [38] for the imaging of the Puy De Dôme complex. In the Micromegas case, in order to contains the costs of the FE electronics, an innovative "genetic multiplexing" readout scheme [108, 109] has been developed, thus preserving the inherent excellent space resolution of the detector while drastically lowering the number of FE channels. Micromegas are being also used in the design of a compact Time Projection Chambers (TPC) for geological prospections [110] . As a final example of gaseous detectors, the Resistive Plate Chamber (RPC) could in principle become a very economical large surface tracker. The detector works in avalanche mode, resulting in very large induced signals on the segmented readout pads. It is an economical detector, that requires a relatively simple FE electronics. A trial prototype [111] for use in SM has achieved spatial resolutions of 300 µm. Motivated by the low cost and relative simplicity of construction, a proposal has been made to also explore small-area versions of RPC for use in portable muon telescopes with gas-tight casings [112] .
Notwithstanding the successes and the advantages of gaseous detectors, there are many issues concerning the operation of these detectors in muographic applications that are not under supervised laboratory conditions. The detectors usually need a continuous flux of gas, that translates in the need to supply and replenish gas bottles at the site where the measurements are made. Some detectors are relatively gas tight (no need to replenish for weeks or months) but in this case they are usually of small surface area. Some gas mixtures rely on the use of quenchers, explosive gases that pose significant safety issues in all underground applications. Moreover, drift velocity depends on the ratio of electric field to gas pressure which must be constantly monitored, together with temperature, and compensated for, also considering that the range of variation is much larger for muography "in the wild" with respect to the usual laboratory conditions. In addition, these detectors are inherently more fragile (typical wire diameters are less than 100 microns) than scintillation ones and, in most cases, require a specialised laboratory with trained personnel to build and maintain the detectors. In particular large-area RPCs, while promising in many ways, have some specific drawbacks: they require a continuous flow of flammable gases, extremely high voltages (∼10 kV), and can be permanently damaged by random sparking between the electrodes.
Other detection mechanisms
Semiconductor position detectors (e.g. silicon micro-strips or pixels) have scarcely been considered for muography, in spite of their excellent spatial resolution (of the order of 10 µm), because of their much higher cost with respect to the detector technologies outlined above. However, they may find their niche in specific applications where radiation hardness and compactness could be key factors, such as nuclear plants or highly radioactive waste management applications [85] , or even space applications [113] .
The usage of the atmospheric Cherenkov imaging techniques for the imaging of volcanic conduits has been proposed in Refs. [48, 49] . The physical principle at the basis of the method is the emission of electromagnetic radiation when a charged particle passes through a dielectric medium (such as air) at a speed greater than the phase velocity of light in that medium. The Cherenkov light produced along the muon path is imaged as a typical annular pattern (easily distinguishable from most fakes), and it contains enough information to reconstruct particle direction and energy. The natural momentum cut-off of the method is 5 GeV at sea level, a bit higher than the maximum of the momentum spectrum (≈ 4 GeV). A limitation is that data can not be collected in daylight. The construction of dedicated Cherenkov telescopes is very expensive, but where such an instrument is already present, e.g. for fundamental physics research [50] , it can be used parasitically for AM of nearby targets (see Mt. Etna's example in Sec. 3.1).
Summary of detectors for muography
We conclude this section with a summary of various options in Table 1 . 
Imaging
Muography relies on measured muon fluxes as input data. As we already pointed out, the data collected by the apparatus provide accurate angular spectra but no direct information on muon momenta. Since cosmic rays have a markedly energy-dependent flux, this translates in the need to provide accurate "a priori" estimates of the expected fluxes in either clear sky cases or uniform material hypotheses. This requires accurate Monte Carlo generators for cosmic ray spectra, that not only accurately reproduce the energy spectra down to a a fraction of a GeV, but also cover as much of the whole solid angle as possible. Also an accurate modelling of the outer profiles of the scanned object, whether it'd be a small cask or a volcano, must be provided as an initial input to the simulation software. Only then can a quantitative analysis be performed, which may span from a two dimensional (2D) density projection to a full three dimensional (3D) stratigraphy or tomography, depending on the data collected and the algorithms used. The following sections describe what has been achieved in the field by the various groups involved.
Two dimensional imaging and density maps
Two dimensional imaging only concerns AM since, as we explain in the next section, SM naturally lends itself to three dimensional reconstruction. Track parameters are derived from the data collected, using the aforementioned trackers to reconstruct in space the trajectories of the detected muons. The track parameters are used to determine the angles defining the muon arrival direction, which are usually shown as a 2D muon angular distribution plot. Muon radiography requires that this distribution be measured not only downstream of the target object but also upstream (i.e. a "free sky measurement"), possibly pointing to exactly the same angular region. These measurements are usually performed with the same detector, to reduce the systematic effects due to the apparatus. The comparison of these two measurements, after correction for the duration of the data acquisitions and for the detector efficiencies, will result in a 2D angular map of the fraction t of muons that are not absorbed by the scanned target. Usually this quantity, called muon transmission, is obtained from the ratio between the corrected angular distributions N T (θ, φ) and N F S (θ, φ), measured respectively downstream (T=target) and upstream (FS=free sky) of the target volume [12, 60, 73, 78, 79] :
To extract information on the density distribution inside the target volume, a comparison with a simulation is required. Simulations (see Sec. 6.3) have to include a realistic muon flux describing the angular and energy spectra at ground level, the detailed external geometry of the volume under examination, as seen from the point of observation of the detector, and an estimated average value of the volume density. Comparing the measured transmission with different simulations, each of them performed assuming different values of the average density, will result in a full 2D average density map distribution, as seen from the detector's viewpoint [114] .
This analysis technique relies on a precise reconstruction of muon trajectories. The spatial resolution of the selected tracking technology is therefore a parameter of interest, because the corresponding angular resolution is one of the parameters that determine the accuracy of a density map. Common muon trackers developed for muon radiography have angular resolutions ∆α going from few milliradians to few tens of milliradians. In those cases where the detector's size is very small compared to the object's size and distance, the spatial uncertainty ∆r due to the detector angular resolution, when describing a structure located at distance L from the detector, can be simply calculated as ∆r = L × ∆α. Considering muography applications to volcanology (Sec. 3.1), a typical situation is represented by L ≈ 1 km and ∆α ≈ 30 mrad, implying ∆r ≈ 30 m, better than many other geophysical methods commonly used in the study of the internal structure of volcanic buildings [115] . Where this approximation is no longer valid (e.g. most archaeological applications), each point of the target is seen at different angles from different parts of the detector and an additional uncertainty in the spatial reconstruction of the target object, of the order of the detector size, has to be considered.
An important source of uncertainty is related to multiple Coulomb scattering suffered by muons while traveling through the target before being recorded by the detector. The effect builds up as muons loose energy through matter. In fact, the energy spectrum of muons exiting from a typical target is peaked at low energy and, without a momentum cut-off, the largest fraction of muons detected by a normal muon tracker will peak at momenta around 1 GeV/c. This has motivated various groups to use iron/lead filters in their muon telescopes (see Sec. 6.2).
Three dimensional imaging: stereoscopic reconstruction, back-projection, and full 3D reconstruction
In general, data from more than one viewpoint can be correlated to infer a 3D distribution of the scanned target, either observing the target from different viewpoints simultaneously, or moving a single tracker around the target. The latter approach minimizes cost and logistical complexity, but it assumes that no evolution on the timescale of the measurement can affect the target or the detector or the environmental conditions. In Fig. 8 (top and middle) we show two typical configurations with AM telescopes, while for SM we point back to Fig. 4 where a portal for homeland security (top left) and a scan of a nuclear cask are shown (top right); Fig. 8 (bottom) shows an example where a small nuclear waste cask sits in between two tracking detectors. Typically the object is sliced in a three dimensional voxel matrix, with assigned initial densities. An iterative minimisation procedure varies the voxel densities till a best fit to the data is obtained. This is a classic inversion problem, where the solution is not univocally determined, and where increasing the constraints on the algorithm, using data from many angles (i.e. with more measurements), can often lead to instabilities and failure to converge to a solution. It is outside the scope of this review to provide a treatise on this topic, suffices to say that the regularisation algorithms that have been developed can mitigate many of the issues and are based either on minimum squares formulations [116, 117] or Bayesian ones [118] .
Both AM and SM techniques can use this approach, with spectacular results. There are numerous examples of AM usage to obtain three-dimensional density images of volcanoes. One of the first examples [119] used data collected from two nearly orthogonal vantage points at Mount Asama in Japan. The technique was then integrated, see the end of this section, with gravimetry data to reconstruct the inside of the Showa-Shinzan lava dome [120] . Other examples of 3D reconstruction of volcanoes with AM can be found in Ref. [121, 33, 122, 40] . Other applications of AM in 3D imaging have measured tunnel overburdens [123, 121] , in particular for mining exploration [61] . Remarkably, the Los Alamos group [124] obtained a detailed stratigraphy of the tunnel overburden, including the top soil layer, with a four point measurement, using only muographic data. In one particular case [80] , a search for a hidden cavity (described in Sec. 3.1) was conducted using an innovative algorithm that did not rely on an inversion procedure or a full 3D reconstruction, using instead a clustering algorithm that combines the information from three viewpoints to identify a volume of very low density in space, with a high statistical significance.
As mentioned before, imaging by a single AM set-up is naturally two-dimensional. However, recent work [125] has shown how to derive 3D information with AM from a single observation point, when the detector's size is not negligible compared to the distance and size of the target object. The back-projection algorithm developed by the authors, is based on the fact that different sides of the detector see the target from different angles, and so a stereoscopic view of the target is in fact present in the data. The difference with standard 2D AM is that the algorithm exploits not only the information on the direction of arrival of muons, that is used for the reconstruction of muon angular maps, but also the measurement of the impact points on the detector [126] . This method is best suited for locating volumes characterized by densities that are very different from the surrounding material, like empty cavities or metal deposits inside a rocky layer. Although the resolution along the rock depth is modest (about one meter in the conditions of Ref. [114] ), the back-projection algorithm has the merit of requiring a single measurement site, unlike conventional 3D methods that can become impractical or impossible to execute at certain locations (e.g., when the detector can only be located within a narrow tunnel [79] .)
As stated before, three dimensional imaging is a natural output of SM observations. First implementations [127, 13] used a Point of Closest Approach (POCA) algorithm to determine the voxels densities. In this method only one scattering centre within the scanned target is allowed. Albeit somewhat brutal, this approximation yields very good results [128] with 3D image resolutions of a few mm 3 . More sophisticated algorithms make use of the so called maximum likelihood expectation maximization (MLEM) [90, 18, 84] , where multiple scattering centres are allowed, and even combine scattering information with absorption data [70] , using simulations to estimate the expected muon flux. While some targets are small enough to be scanned in one go by the apparatus, measurements on nuclear casks [87] , given the size of the targets, require multiple measurements that are anyway beneficial in resolving potential ambiguities and can improve image resolution.
We now consider the use of collateral measurements to aid the 3D imaging process. This mostly applies to AM applications in geosciences, archaeology and civil engineering (see Sections 3.1 and 3.2), where several geophysical tools are available for surveys, with complementary merits to each other and to muography. For volcano imaging, typical sources of additional data include gravimetry, seismic noise, seismic waves, and geoelectric data; all of these methods need to rely on strong model assumptions to solve the degeneracies of their strongly non-linear inversion problems. Muographic data though, being directional, naturally break those degeneracies. Ground penetrating radars (GPR) and magnetometers are popular tools in near-surface surveys, including archaeology. In some SM applications for relatively small targets, X or γ ray picture profiles can provide useful starting information.
Gravimetry is special in this context, as its combination with AM comes natural given that both methods are directly sensitive to the rock density distribution. A gravimeter is an instrument designed to measure the local value of the acceleration of gravity, g, which is affected by the nearby mass density distribution. Given the spherical symmetry of the gravitational field, a single gravimeter has no directionality, and is only sensitive to distance (the effect of an object of density ρ and volume V at a distance r from the gravimeter is given by ∆g = GρV /r 2 , where G is Newton's constant), therefore gravimetry campaigns are based on arrays of measurements. The inverse dependence on r also causes the method to be increasingly less sensitive to increasingly distant volumes of interest; while this is to some extent true also for muography (large target depths reduce the available statistics), its key advantage is that its instrumentation does not need to be installed on the surface of the target itself. Successful examples of combinations of gravimetric and muographic data are given in Refs. [120, 43, 129, 130] . Usually gravimetric data are used as initial seeding for the 3D voxel density matrix, that is then refined using the muographic data. Reference [45] shows an example where the various data were analysed independently and only combined in the final stages of the analysis, eliminating possible biases but considering the correlations between data sets at the end of the analysis process.
Sometimes, different standard methods can produce wildly different results. For example gravimetry and seismic tomography have given discordant results about the deep structure of Mt.Vesuvius [131, 132] . In this case muographic data can help determining the correct solution to the inversion process. Similarly, traditional methods (such as petrology, ground deformation, seismicity, gas geochemistry, etc.) hint at the presence of a large dyke at the interior of Mt. Stromboli [133] but are unable to provide accurate estimates of its dimensions; therefore, a muographic image with a target resolution of 10 metres or less would have a very significant impact.
In general any 3D imaging, whether using SM or AM, benefits greatly from any initialisation data that constrains the voxels densities. Of course, adding more measurement methods translates in additional costs for the measurements and for the instrumentation needed. For example, the cost of a gravimetric measurement campaign can escalate in the tens of Ke, without considering the price of the gravimeter itself. On the other hand, in some cases these complementary data are already available.
We conclude this section by remarking that muography has shown to be a very robust imaging technique that can survive on its own, especially if one can increase the number of observational points (i.e. telescope viewing angles). Moreover, in many cases, muography has a larger potential for breakthrough improvement (with a relatively small investment) with respect to traditional methods that are, at most, in the incremental improvement stage.
General issues for muography
This section introduces some issues that affect a broad range of applications of the method, and on which significant ingenuity is invested by the muography practitioners, that are rarely addressed in reviews of this topic.
Background reduction and estimation
Two types of background are of concern for most muography use cases: "fake" muons and "soft" muons.
Fake muons are charged hadrons or e ± (see for example the studies in Refs. [115, 134, 22] , based on detailed Monte Carlo simulations and validated with data) that manage to reach the sea level in spite of their large interaction cross sections, typically because produced late in the cosmic-shower development, see for example Fig. 9 (top left) . Their abundance, composition and spectrum at sea level depend on the same factors that affect the flux and momentum spectrum of real muons (see Sec. 6.2) and therefore their precise determination is location-dependent as well. For this reason, and also because they tend to concentrate at the lower side of the spectrum where Monte Carlo models are less reliable and reference data are scarce, it is particularly important to estimate them in situ. The term fake muon is sometimes used in the literature to also indicate combinatorial background, i.e. tracks composed by random associations of hits that do not originate from a single particle, as in Fig. 9 (top right) . This is easily reduced by a modest redundancy in the number of layers and an upper limit on the χ 2 of the track fit. The cosmic flux at sea level is sufficiently low with respect to typical data acquisition times that random coincidences of aligned hits from distinct particles can usually be neglected; exceptionally, however, combinatorial background may be induced by several temporally correlated particles, for example those produced from the same cosmic shower [37] .
Soft muons are actual muons with relatively low momenta (as opposed to "ballistic" muons, defined as those whose speed can be approximated with the speed of light). They are a nuisance for muography because the probability of a large-angle scattering depends on the inverse of the momentum, as shown in Eq. 2. Thus soft muons, cause a blurring of the image [135] with consequent loss of details, see Fig. 9 (bottom left). This is a particular concern for very large-scale (i.e. "thick") targets, such as mountains and volcanoes, as the observing telescope is necessarily distant and oriented quasi-horizontally. In this situation the muon flux becomes very low and the scattered soft muons can easily become dominant after large-angle scattering in the surrounding ground. A related concern, when a muography telescope has to be oriented horizontally or quasi-horizontally, is that muons can enter from its rear (either ballistic muons produced at very low elevation angles, or soft muons scattered from the ground behind the detector [136] ), as in Fig. 9 (bottom right) . Like before, in the presence of very low fluxes, if no mitigating action is applied, these "backward" muons may even overwhelm the muons who carry information about the target.
A very effective passive method for reducing the fake background, already exploited since the seminal study by Alvarez et al. [9] , is to include an absorber (e.g. an iron or lead slab) in the detector setup: hadrons and e ± have large probability to undergo a destructive interaction, respectively nuclear or electromagnetic, and either no hit is found after the absorber, or more than one hit is found (signalling the presence of a nuclear or electromagnetic shower, respectively). This method also reduces the number of soft muons, in fact from equations 1 and 2 an effective momentum cut-off is introduced by the absorption in the passive material, while the remaining soft muons tend to get a large kink in their trajectory, allowing to identify them in the offline analysis [37] . The latter effect is better exploited by high-resolution detectors: in nuclear emulsions (Sec. 4.2), with their excellent angular resolutions, thicknesses of a few millimeters of iron between the emulsion layers are sufficient to detect a kink, while scintillator-based telescopes need thick walls of lead in order to achieve the same rejection factor, with a significant adverse effect on the detector portability. As an example of the latter case, the optimal trade-off between signal efficiency and background rejection for the scintillator-based MURAVES detector is achieved with a 60 cm thick lead wall between the last and next-to-last layers [32] in order to get a momentum cut-off of around 1 GeV (corresponding to a ≈ 20% attenuation in the overall muon flux. This is not a problem per se, as most of these are unwanted soft muons, but the detector mass increases from roughly 100 Kg to more than five tons.
Particle-identification techniques can help to reduce some types of fake muons. At low momentum, the specific energy loss of e ± and protons is larger than for muons, and this can be exploited via the pulse height of the signal, if digitized with a sufficient resolution and properly equalized across the detector channels. The same principle is also employed in the ∆E − E method for particles that stop in the detector (Sec. 6.2 and Ref. [21] ). This technique is not effective in rejecting pions, however, due to their similarity in mass to the muons leading to a similar dE/dx.
Backward going muons can effectively be rejected by measuring the time of flight (TOF) [137] of the detected particles between the front and the rear layer of the telescope 9 : a ballistic muon, having v ≈ c, employs 3.3 ns to travel 1 m, meaning that a timing resolution of O(ns) is needed for quasi-horizontal telescope orientations, easily reachable with current detectors and FE electronics. If the telescope can be rotated, the TOF measurement can be precisely calibrated under the reasonable assumption that all detected muons enter a vertical telescope from the top.
Finally, we remark that the Cherenkov detector principle described in Sec. 4.4 has negligible background contaminations. Soft muons are obviously not an issue because of the high intrinsic momentum threshold, and fake muons are easily rejected from the shape of the Cherenkov emission pattern. Also the background due to back-scattered muons from the ground has been estimated to be negliglible (≈ 3 × 10 −3 fake events per night) [48] .
Muon momentum
As both processes of interest for muography (absorption and scattering) happen in any case, and both depend on momentum (Eqs. 1 and 2, respectively), they constitute a nuisance to each other: in absorption-based muography the large-angle scattering of low-momentum muons causes a blurring of the images; while in scattering-based muography the absorption of muons while traversing the target causes not only a loss of statistics (usually not a big concern for small-and medium-size targets) but also a selective bias. In both cases, correcting for these nuisances introduces additional model dependencies.
An accurate description of the momentum spectrum depends on the location [24, 138] : altitude is obviously important as the shower development and the energy loss in the atmosphere depend on the amount of air above the observer; and the Earth's magnetic field causes dependence on latitude and longitude of the observer and direction of observation through the geomagnetic cutoff 10 ; also local anomalies in the geomagnetic field can have a visible effect on the spectrum of charged cosmic particles [139] . Reference data for atmospheric muon spectra have been tabulated at various locations [24] , but the spectra also vary with time [24, 138] : the solar activity influences very significantly the flux and energy spectrum of primary cosmic rays in both periodic and aperiodic ways, and the pressure in the atmosphere also plays a role: short-term variations in the lower atmosphere due to the weather change the density of air traversed by muons before reaching the ground 11 , and seasonal pressure variations in the upper atmosphere due to the temperature affect, for the same reason, the mean free path of pions and kaons and therefore their probability to decay into muons before undergoing nuclear interactions [141] . Temperature effects are expected to distort the momentum spectrum of the muons [139] because the momentum of their mother particles (pions and kaons) correlates with their lifetime via relativistic time dilation [142] .
Some muography teams have produced their own reference data, using dedicated detector setups. For example, several Italian muography studies make use of the tabulated data from the ADAMO magnetic spectrometer (developed originally as a test prototype of the magnetic spectrometer of the PAMELA satellite experiment) [143] . Compact and portable, and equipped with a 0.4 T permanent magnet, ADAMO measured the all-particle differential flux as a function of momentum (from 100 MeV to 100 GeV) and zenith angle (from 0
• to 80 • ) [19] . In alternative to a magnetic spectrometer, the absorption of muons in volumes of known material can be used to select a momentum range. This approach has been followed for example by a Japanese team [21] to measure the muon flux in momentum bins from 50 to 130 MeV, in an acceptance of 40
• around the zenith. They used a simple apparatus composed of a top detector used as a trigger, a bottom detector used as a veto, a thick middle detector where the low-momentum muons are stopped, and a slab of lead to act as a momentum selector. The bottom veto ensures that only muons that stop in the middle detector are analysed. Under these conditions, because all of their kinetic energy is deposited in the middle detector, the energy distribution of the stopped muons is directly measured. Background from e ± , particularly important at low momentum, is strongly reduced with the ∆E − E method 12 , exploiting the energy measurements in the top (∆E) and middle (E) detectors. A similar idea is also at the core of the recent NEWCUT facility [144], operated in Japan by an Hungarian-Japanese team for the purpose of measuring reference spectra over a broad momentum range and at various zenithal angles. The NEWCUT rotating telescope is composed of several detector layers alternated with lead slabs. The length of a muon track through the telescope, hence the amount of lead that it penetrates, is directly related to its initial momentum. For energetic muons that are able to punch through all the lead slabs, momentum is estimated from scattering via Eq. 2.
Good reference data can be used directly (in look-up tables or parametrized) or indirectly (by tuning Monte Carlo generators for cosmic ray showers, see Sec. 6.3) to improve the precision of the measurements. However, ideally one would like to measure the momentum of individual muons in situ in order to minimize model dependence. Doing that with a magnetic spectrometer would be impractical or too expensive for most muography applications, but a method to get indirect access to momentum is illustrated for example in Refs. [84, 70] in the context of SM. The basic idea (similar to one of the soft-muon removal methods discussed in Sec. 6.1) is to reconstruct the muon trajectory, after having traversed the target, before and after some iron slab whose purpose is to cause further muon scattering. One can then exploit the known size and material of the slab, and the σ(∆θ) after the target as measured in the bottom part of the apparatus, to extract the average 1/p 2 distribution by approximate inversion of Eq. 2:
However, directly feeding 1/p 2 as a replacement for 1/p in Eq. 2 is too crude, as p 2 can vary by a factor 10 4 ; the solution found in Ref. [70] is to extract 1/p 2 in sub-sets of data defined by the χ 2 of the track fit, exploiting the strong correlation between p and χ 2 . Furthermore, as discussed in Ref. [84] , it is important to take into account the bias on the 1/p 2 distribution due to absorption, that removes from the sample of scattered muons the lowest-momentum ones. This effect depends on x, creating a deviation from linearity that needs to be estimated from Monte Carlo simulation.
We point out that in general, any kind of muon momentum determination that can be implemented in a muographic detector is not only useful for background reduction but would also greatly improve the signal significance. Even a rough, threshold based, momentum knowledge of the muon both before and after the target would be an enormous aid to any SM muography [70] given the dependence on momentum of multiple scattering and the relevance of relatively low momentum muons to these type of measurements. We surmise that the same holds also for AM, but typical applications (e.g. volcano surveys) would require the capability of measuring muon momentum up to at least several tens of GeV, which would probably require a magnetic spectrometer in conjunction with a high resolution detector.
Monte Carlo issues
Comparing data with Monte Carlo simulations for the observables of interest is crucial for the imaging of a target.
The simulation chain starts from the generation of muons with realistic angular and momentum distributions. Solutions range from ab initio simulations that simulate the entire cosmic shower in the atmosphere (including, therefore, the background particles), such as CORSIKA (COsmic Ray SImulations for KAscade) [145] , to parametrizations of the muon distributions of interest based on existing data (e.g., the dedicated measurements mentioned in Sec. 6.2).
At the receiving end of the cosmic cascade, the geometry and the response function of the detector itself need to be simulated, at different levels of detail depending on the use case: it is appropriate to approximate an entire muon telescope as a point in space, when the target to be imaged and its distance are orders of magnitude larger than the detector, while this is obviously not true for small-target applications. Similarly, simple parametrizations of the detector efficiency as a function of a few variables are usually sufficient, but high-precision use cases may require full simulations of the detector response (e.g. with GEANT4 [146] ) as customary in particle and nuclear physics.
More importantly than what happens at the start or at the end of the muon trajectory, the simulation step that is most relevant to muography is the particle propagation through the target material. Multipurpose tools developed for particle and nuclear physics, such as GEANT4 [146] or FLUKA [147] , allow a very accurate simulation of the muon interaction with the traversed material, but take a very long computation time at each simulation step. For this reason, parametric or semi-parametric simulations have been developed with the aim to reduce CPU time while preserving good accuracy. As a representative example, we elaborate on the specialized code MUSIC (MUon SImulation Code) [148, 149] , in use by several muography teams. MUSIC was developed for the use case of muon transport through large volumes of material and initially motivated by the study of muons as background to underground, underwater and under-ice neutrino experiments. MUSIC only considers the main electromagnetic interactions causing energy loss, namely ionisation including knock-on electron production, bremsstrahlung (in Born approximation), electron-positron pair production and photonuclear interactions (i.e. muon-nucleus inelastic scattering), while for example Coulomb corrections to bremsstrahlung are neglected (they do not exceed 1% for heavy nuclei). All interaction processes are stochastically considered if the fraction of energy (v) lost by a muon in the interaction exceeds a user-defined threshold v cut , while a continuous approximation is used below v cut . This threshold must be tuned to reach a trade-off between speed and accuracy, and an optimal threshold is found to be of order 10 −3 [149] . The program evaluates the mean free path of a muon between two subsequent interactions, then it samples the real path of the muon to the next interaction using a random number generator. Ionization is parametrized by the Bethe-Bloch formula (Eq. 1) for v < v cut , while knock-on electron production is only considered for v ≥ v cut , as well as multiple Coulomb scattering that is treated in the Gaussian approximation (Eq. 2). All muons are considered to be ballistic, and if the total muon energy becomes smaller than m µ c 2 , the muon is considered as stopped. An alternative version of MUSIC is dedicated to muon transport through thin slabs of materials, by treating all interactions as stochastic. This implies a much larger CPU usage, and yields more accurate predictions for momentum spectra and angular deviations in thin slabs of material while reproducing the results of the standard version for large thicknesses. The MUSUN (MUon Simulations UNderground) [149] code convolutes the simulation of muon transport from MUSIC with simulations of the muon energy spectrum and angular distribution.
All the Monte Carlo approaches discussed so far in this Section execute each propagation step of the muon in a chronological order ("forward" Monte Carlo), this although natural implies a very large degree of inefficiency, especially for large targets. In fact, in order to accurately simulate the flux of muons that are able to reach the detector (and in particular the low-momentum muons that can be in the acceptance after large-angle scattering, see Section 6.1) the program has to sample muons produced from all directions in the atmosphere, although the useful statistical sample comes only from the tiny fraction that passes through the O(1 m 2 ) surface of the detector. This problem is addressed by "backward Monte Carlo" programs, such as PUMAS (backward acronym for Semi-Analytical MUons Propagation) [150] , designed having in mind volcano muography use cases. PUMAS allows exclusive sampling of a final state by reversing the simulation flow. At each simulation step through the target material, the muon interactions with matter are split into a continuous component describing collective processes, such as multiple scattering and continuous energy loss, and one or more discrete interactions; the optimal threshold for transition between the two regimes depends on the application. The authors highlight a few case studies [150] where the outcomes of PUMAS, run in forward and backward mode, agree to better than 1%, stating that PUMAS can achieve an accuracy comparable to GEANT4 but with a speedup of two orders of magnitude in backward mode.
Conclusions and Outlook
We reviewed the fundamental aspects and the state of the art of muography, showing how concepts that have their origin in particle physics are finding applications in the study of natural or man-made structures. Recent years have seen a rapid growth in the number of academic papers on the subject, as well as patents and commercialization attempts [14] , as several detector and analysis breakthroughs now allow an effective transition from "proof of principle" to mature applications.
In this kind of research, there is always a risk of falling in the cognitive bias exemplified by the saying "when you have a hammer, everything looks like a nail": the fact that an object can be imaged by muography, does not always mean that this kind of imaging is useful. It is thus increasingly important, as the methods mature, to team up with members of the relevant user communities who can help state precisely the relevant research questions and steer any further development in the correct direction.
From the point of view of geosciences and archaeology, muography has to compete with more established remote-sensing methods, such as gravimetry, seismotomography, electrical resistivity, ground penetrating radar, etc. Nevertheless, muography is regarded by many geophysicists and archaeologists as a promising technique because of its complementary merits. In particular, its intrinsic directionality allows to form anyway an image of the target even without relying on a conceptually complex and computationally intense non-linear inversion procedure. This can benefit standard geophysical methods, typically needing strong constraints and hence a significant degree of model dependence, in order to identify a unique solution to the inversion problem. Currently, volcanology is one of the most intensive areas under investigation, where many research questions related to different structures at different depths within the volcano can be addressed with muography, and where most teams are truly multidisciplinary, thus demonstrating the acceptance of this new method by the volcanological community. The imaging of glaciers recently entered the list of applications of muography, providing unique measurements of the inaccessible ice-bedrock interface.
There is a practically inexhaustible number of targets of high geophysical or historical interest in the world, where imaging through muography might have a large potential impact. In practice, however, the priorities have often been influenced by local considerations, such as the proximity of the research team to a suitable target, or the presence of a strong community of potential users of the method in the same institution. Two trends can be observed in these areas, moving in opposite directions: the establishment of long-term monitoring by installing large-area detectors (e.g. for volcano surveillance), and the transition to a phase of commercialization for portable detectors, that might open a large variety of currently unexplored or under-explored applications of both societal and academic relevance.
Homeland security and nuclear safety are also very popular areas of investigation for muography (typically SM), with a direct societal impact. In general, muography has a clear advantage, in the detection of radioactive material placed in storage containers, over methods that rely on the detection of the radiation emitted by the material itself, because muons will pass through those containers that are opaque to the radiation they are designed to shield. Other targets of interests for SM range from industrial process control (e.g. blast furnaces) to structural integrity verification, where the penetrating power of muons allows to reach inaccessible structures. Once again, we are in the presence of a very lively field with some of the actors that have moved from research to university spin-off or industrial partnerships.
Finally we would like to point out that, while muography is nowadays evolving from the physicist laboratory to the outside world of applications, there is still plenty of room for novel research. For sake of example, as atmospheric muons are almost all produced in the upper atmosphere, the middle atmosphere can be treated as the object of study, and phenomena happening within it [142] may become the target of investigation [140] . The development of compact and very robust portable muon detectors may even benefit the exploration of extra-terrestrial bodies [113] . And many other areas may just be waiting for a clever application of this method.
